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Multigrid Method - Basic Qutline

Consider the solution of difference equation
{hyh = £h (1)
Let UM be an approximation to u® and V! the correction
(uh = UY)
Consider a sequence of grids h, 2h, 4h, etc.
On a grid of spacing 2h, replace Eq. (1) by
p2hy2h 4 Rhphyh = 20 )
where 2! is restriction operator
Compute V2! and improve the solution on grid h by
U, = Ul + 13, V2" 3)

where T, is interpolation operator.
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FuLL ApProXIMATION ScHEME (FAS)

IF L 1s A NONLINEAR OPERATOR
e REPLACE THE COARSE GRID Ea. (2) BY

| 2H G2H o | 24 me L Mmz Amx - LHyH
e REPLACE UPDATING Eq. (3) BY

H - pH H (72H _ 12H yH
czmz UoLp * 2u Ac _HI UoLp

83-35



HiGHER-URDER MuLTIGRID METHODS

1memm|omumxl>00cm>ﬂm MULTIGRID SOLUTION STRATEGIES CAN BE

DEVISED BY EMPLOYING

® HIGHER-ORDER DIFFERENCE OPERATORS rm

® HIGHER-ORDER INTERPOLATION OPERATOR Hmz

e HIGHER-ORDER-ACCURATE COARSE GRID CORRECTION

83-36



Muain elements of multigrid method

(1) A smoothing operator to efficiently reduce the high-
frequency errors on a given grid

(2) A restriction operator to transfer the solution from a
fine grid to a coarse grid and to provide proper coarse-
grid correction |

Gv A prolongation operator to interpolate the solution
from coarse to fine grid |

Rapid solution procedure for two reasons:

(1) Number of operations required for a relaxation sweep
on one of the coarse grids is much smaller than
number required on the fine grid.

(2) The rate of convergence is faster on a coarse grid,
since the corrections can be propagated from one end
of the grid to the other in a small number of steps.
81-453
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FoUuRTH-0ORDER-ACCURATE MULTIGRID SOLUTION STRATEGIES

(1) MeTHOD OF T-EXTRAPOLATION
e TRUNCATION ERROR tH IS ASSUMED TO HAVE THE LOCAL EXPANSION
a:mrmc-mmu>xu+mﬁxxv

® +FXTRAPOLATION TO GRID '2H' GIVES

hamx S D cﬁx:v

]
]
W=

e THUS, ON GRID '2H', FOURTH-ORDER ACCURACY IS OBTAINED BY
SOLVING THE EQUATION «

2H TjZH _ 2H 2H

”nN U = F + dI (1)
WHERE

am: = m. rmx me gt - g2H ) - wmx rm yH - gH

e SOLVE kE@. (1) oN GRID ‘2H' BY FAS cCYCLE.

® |JSE CUBIC INTERPOLATION OPERATOR MWI TO OBTAIN THE SOLUTION ON

¢ 14

THE FINEST GRID H -

Q3-37



(2) METHOD OF ITERATIVE IMPROVEMENT

i

e SoLve L7 uM = E™ usine FAS cycLE
=2

,o SOLVE rm vH = 2gH - rm o
or L VH =+ 1h Ut - L u"
uUsSinG FAS CYCLE

e VH HAS FOURTH-ORDER ACCURACY

e Jwo SOLUTIONS ARE NEEDED USING SECOND-ORDER OPERATOR _um.

83-38



(3)

(4)

"FOURTH-ORDER RELAXATION OPERATOR ON THE FINEST MESH AND

SECONDTORDER OPERATOR ON COARSER MESHES

MAKE A FEW RELAXATION SWEEPS ON fN CI = mx

SOLVE rwI 74 = wmx me ut me (e" - L} U™) usine FAS
CYCLE

[NTERPOLATE THE SOLUTION TO GRID H AND MAKE A RELAXATION
SWEEP ON rm gt = gH

FOURTH-ORDER RELAXATION OPERATOR ON ALL GRIDS
SOLVE rm gt = % gy an FAS cycLE

COARSE GRID EQUATION TAKES THE FORM

lemxammmx.zpmxlx-zx
T Wl Pl TR P G v

UPDATING EQUATION REMAINS THE SAME

H _ H H —/JH _ | 2H H
Uvew = Youp ~ bmx (U L corcU



Hicher-Order-Accurate Finite-Difference Methods

e Standard Higher-Order-Accurate Discretization

e Mehrstellung or Compact Scheme

e Hodie Method (Higher-Order Difference Approximation
_,Sg Identity Expansion)

e Spline-Collocation Method
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COMPACT-DIFFERENCING

U AND THE DERIVATIVE Uy, Uy, Uyys Uyy ARE CONSIDERED UNKNOWN

(U)

(Uy) * X H-Hy;

X'1,J

o
AN
Ot

1 -
ZH AcH+H~L culp\gv

1 =1 -
xxvung T 12 Acxva-H~L IN AcH+w~g Ncm;g * cH-H\Lu

8 8
H H - 1 = 8
L7yt o= zN ‘ o cH w B
H“

= pHgH .

1'S ARE THE STENCIL POINTS
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HODIE SCHEME

3 3
H H = 1_ M “ - M U -~ - SHeH
L Y IIN . RHCm / WLGLIZG
1= - J=l

1's ARE THE STENCIL POINTS
J'S ARE THE EVALUATION POINTS WHICH MAY BE DIFFERENT THAN THE STENCIL POINTS

[ AND B, ARE DETERMINED BY REQUIRING THAT THE DIFFERENCE APPROXIMATION BE
EXACT ON SOME FINITE-DIMENSIONAL LINEAR SPACE S, SUCH AS SPACE 13 OF
POLYNOMIALS OF DEGREE ATMOST M. THE DIMENSION OF THE SPACE S IS

a

uﬁzﬂmv =K+ 1=+ DM+ 2) /2

FOR ANY BASIS mmA. e o o Sy OF m~ ®,  AND m; m>ﬂﬁmm<

8 J

FI. = =

y, MLw e (s,.), NM B, (Ls )y » K= 0, «eenek
I={ J=

usuALLy J = DIM(S) - 8 WITH By = 1

FOR A FOURTH-ORDER SCHEME J = 13 :
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2-1) PoissoN EQUATION

Il

§

-
oI

5

rmcxu P|H-;Hc
H H

COMPACT DIFFERENCE EQUATION (FOURTH-ORDER-ACCURATE)

141 1 10 1
=y la -0 4| u=-47 [0 w00 10| ¢
AR I S S 1 10 1
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@ HODIE DIFFERENCE EQUATION (FOURTH-ORDER-ACCURATE)

14 2

CONSIDER THE FOLLOWING SETS OF EVALUATION POINTS FOR "F :

P(H,E)

(A) ONE-PARAMETER FAMILY

H H _ 1

(B) UNE-PARAMETER FAMILY

HoH o 1

@,mﬂ
@\,® 0 <& <1

N\

Q(H,E)

OF P-APPROXIMATION

1 el

4| =--L | 1e 43e-1) 61| FH=-3
2€

1 el

OF Q-APPROXIMATION

1 1, o 1

G| o= -5 46g2-1) e 4
4E .

1 1 e

1

20

1|Frire =1

R3-4K

IF&=1



SMOOTHING FACTOR B FOR 2-D PoissoN EQUATION

STANDARD FIVE-POINT GAUSS-SEIDEL RELAXATION

10 16,
_ 1, 1%
5 (0,, 6,) = E = ,
S 1 2 L Hmw - . HGN
MAX [ mw~ cos ™! mv = (.5

COMPACT NINE-POINT GAUSS-SEIDEL RELAXATION

10 16,
1 27 4 £

Hﬁmw+¢mu . mHﬁmw-oNu

- 4 \e + E
I.HO

T+ E E

1 :HmM ] |ﬁmw+

omu

1{6,-6,)
£ 1 72
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(9-) 11°0 (1oVd4dWod) H
(9-) 9¢°0 (10VdWO02) 4H
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7-0 HELMHOLTZ EQUATION

e - Ay + (U

= F

, L>0

@ OTANDARD DIFFERENCE EQUATION AmeOZUIOmUmmiboncmbﬂmv

HyH = L
rN U

A

LR = L
4 Wi

= - oy - 25

QC - NC @
on.h = RN = QW =
nm = R@ = QN =

——

LOMPACT DIFFERENCE

) l
- (4+c) 1l u=-F

1

EQUATION (FOURTH-ORDER-ACCURATE)

* %5 110
= _ 1
QO QH = 70 10 100
QS 9@ 1 10
-5 .2
4 17 CH
-1 .2
1 oI CH
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(A)

HODIE DIFFERENCE EQUATION (FOURTH-ORDER~ACCURATE)

UNE-PARAMETER FAMILY OF P-approxIMATION (0 < & < 1).

@ ey o3 lo ]
TARTE wﬂ « o o = - L le B el | F
t 7 % 0 1 2¢2 0

oy o ag le

- L I _

) + 22 (1 - g2) cul

1l
iy
o~
AN
(1

N

{

Yorand

83-57



(B)

UNE~PARAMETER FAMILY OF Q-APPROXIMATION (0 < & < 1).

N

- (6 - 24) il - (1 - &2 (22

ag = 1 - 8% Cul/y

1)+ 2821 - £2) (ul




NUMERICAL EXAMPLE

- A+ Cu=F =sIN 3x+Y)Iine=(0, 3) x (0, 2)

G = cos 3(x + y) onN 0@

[on
(|

FINEST MESH = Y7 X b5 WITH SPACING H = 1/327
NO. OF GRIDS = b
FIXED CYCLING MG - ALGORITHM

KELATIVE ERROR IN Loy—-NORM (¢ w_mv

METHOD ERROR

SECOND~ORDER 0.29 (-2)

T 0.18 (-3)
ITERATIVE IMPROVEMENT-C 0.17 (-4)
HF (coMPACT) 0.09 (-4)
H (coMPACT) 0.03 (-4)
HF (Hopig)-P 0.11 (-4)
H (Hopie)-P 0.03 (-4)
HF (Hopie)-d 0.73 (-4)
H (Hopie)-Q 0.31 (-4)
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A MobpeL CoNVECTION-DIFFUSION EQUATION

- e Ay +u, =10

X

NONSYMMETRIC DIFFERENTIAL OPERATOR

BOUNDARY LAYERS ON SIDE-WALLS

U

I
w
P
=
a
<

EXACT SOLUTION:

_ meﬁx-H
vXY) = oW
T = \M + xawmm

U = 2 SIN =Y

72 SINH X - anhwmv SINH 7(x = 1) | SIN =Y

7¢
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]

UIFFERENCE EQUATIONS FOR THE MoDEL CONVECTION-DIFFUSION LQUATION

vaozm,z.:».rr.«limwqumu SECOND~ORDER

mI\Mm

(1 =+

H

€
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H
Ly

DIFFERENCE EQUATIONS FOR THE MODEL COWVECTION-DIFFUSION EQUATION

HobIE METHUD:

H
1 w.MM
‘ Y
H -
C = $+NI+.I||M
¢
H
H+|NM
COMPACT MeETHOD:
) (1 - ezl
_ :mmm .
2 .
CI = - H + m H _ _H N mI\Nm
L8e
H.T ..w.l IN~ mI\Nm N
g

20 +

W2

mN

5. IN

)

.25
242

5 Wt

4g 2

1]+

HI

-1+5

1+

“_.l

:wmm

w2\ w2

Hl
xmmm

W2 \ -w/2e
9 E
4Re

2\ -
H E I\Nm 2
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NUMERICAL EXPERIMENTS ON THE MODEL

CoNVECTION-DIFFUSION EQUATION

FINEST MESH = 33 X 33

No. OF GRIDS = 4

FIXED CYCLING MG - ALGORITHM

KRELATIVE ERROR IN rm-zomz

METHOD ERROR
SECOND-ORDER (D DIVERGED
EXPONENTIALLY WEIGHTED 1.64 (-2)
SECOND-ORDER
[TERATIVE IMPROVEMENT-C 1.43 (-3)
HF (Hobig)-P DIVERGED
H (Hopig)-P 1.29 (-3)
HF (compACT) 1.13 (-3)
H (COMPACT) 1.56 (-4)
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Write the vorticity equation as

® Gy — Re Py oy =1 (X, ¥); (1)

® w,, +Rey, 8<.nllx.<v (2}

YY

Transform (1) iocally for xp—h<x<xp+h,y=vyp by

@ w=°¢exp m....:xh vpl}

_ . 1 X
where f (x, yp) =— lmm\. %< (z, yp) dz

2
Xp
Transform (2) focally forx =xp,yp—h <Sy<yp +h by
® w=nexp {—glxp, Y}}
_1 Y
ésmqm g (xp, ) ..Mmmq\. Yy (xp. z) dz

yp

GP11-1041-2
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Equation for {:

1 1 | e . |
© {ix +Am Re Yy 2 Re“ ¢y, vw =r (x, yp) exp {f (x, yplt (3)
Equation for n: | |
1 . L ,
_ e pal y 2= —
© Nyy +A o Re Uny Z Re” ¥y Vs -t (xp, ¥) mxlm (xp, y)} (4)

 Add (3) and (4) at the grid point (xp, fwr.

o (Sxxlp * (nyylp =R (9,02 + ()2 | wp

GP11-1041-3
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ﬁ@%@mmw Difference mm@mmoam

1 4 1 1 10 1
4 — = —— |1
20 4l ¢ L 10 10| o
1 4 1 1 10 1
Re2h2 (2 2 M ReZ h? mmmsm 2\ ]
o fg llnlA v CH f.g A v
of +e® + B (120 42)  2wn0| a8+ B (30 gy )| et et v T (v vy
Re :NA v  100Re2 h2 A 2 Nv | ﬁ mmNsN,A 2 2
_of 100Re”™ h™ _f, Re7h” V _
N+SM el + 3 @x+%<~ 40 + 18 %x+%< 2+10—e' + PP Gx.:f\ w=0
Re2p2 [ 2 . Re2p2 Re2h2 [ 2 2
_{of 4 a0 .iullA v —ead A v — (of IlllA v
(' +e9) + ——— Uyt ¥y mii o+ ——Wx ¥y (e' +e9) + ze Wxtiy)

GP11-10414
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~W O

HoDIE DIFFERENCE EQUATIONS

4 1 9 1
—r = _ HZ
20 4} ¢ = 5 1 8 1 w
4 1 1
RN Qm _
N QH w = {
*y %3
{20 + xmm IN Acw + <mv - Re :ACH - ch - Re i<N - <rv_
_KEH < _
| m (4 Ug + 3 Uy + Uy Ug + cgv
2.2 .
KE“H Z : - -
3 (4 ug + u luy cwv + v, (ugy cQO
- REH -
T Chvy + vy * w<m * Vg vy)
K ZH [uvs + U (vy = Vo) * vy (Vo = V)]
8 0 o' 1 3 0 2 4
. KE H _
T Agco Uy * Uy + wcw + cuv
2.2 .
KEZH® 2 _ - - -
3 mzco coAcH cwv <o€N cpv_
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]

+EAC -

RE H
»+|||lEo+

2
RE H
yA 0
A<H - <w +

AND vV = — ¢

Fvp T Vgt Vgt vy
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NUMERICAL EXAMPLES

Q= (0,1) x (U, 1) , U < Re < 100
(a) ¢ =-£XY anp w=2eXY on oq.
(B) ¢ =y - w sIN 27y E X AND

w = (o - uz?) w sinN 21y E X on 0@,

WHERE

2= (- ke & kel + 16 #2)/ 2
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Flow in a Driven-Square Cavity

-

=04y =1

<
]
Lo Y &

<
b
’ il
LN

*

SSANAANANANAANANANNNNG
< <
n
o

I/
ﬂ.ﬁ\ = Q~ f«»\«w =0

Boundary Conditions:
e Use vmam. relation for a function and its nmm«mqmmcmm |
@ Vorticity at the moving wall is given by:
12 6

w (i, jmax) nirww ¥ (i, jmax — 1) +m. ? + $< (i, jmax — .:w, + 6<< s.w.amxl ‘:w

GP11-1041.5
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AsympToTic (CONVERGENCE FACTOR B FOR THE

2-D STEADY NAVIER-STOKES LQUATIONS

(U,1) x{0, 1), NuMBER OF GRIDS = 4, AND FINEST MESH = 65 x 65
WITH SPAcCING H = (0.015625
TRELAXATION Case (A) Case (B) Case (c)
|SCHEME RE = 0 | RE = 100 {Re =10 | Re =100 | Re =0 | Re = 100
5-POINT 0-90 0-92 0./3 0-83 0.92 0.95
GAUSS—SEIDEL
9-POINT
COMPACT 0.85 0.8/ 0.72 .76 0.86 0.8/
GAUSS—SEIDEL
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NUMERICAL EXPERIMENTS ON THE STEADY NAVIER-STOKES EQUATIONS

FLow IN A DRIVEN-CAVITY

FINEST MESH = b5 X b5, No- OF GRIDS = 4

FIXED CYCLING MG - ALGORITHM

KELATIVE ERROR IN Ly-Norm (Kg = 100)

METHOD ERROR
EXPONENTIALLY WEIGHTED 1.706 (+2)
SECOND~ORDER
H (comMPACT) 1.39 (+1)
H (Hopie)-P 1.10 (+1)




Unigrid Method - Basic Outline

¢ Consider the relaxation scheme described in terms of a directional iteration operator

< Lhyuh - th dh >
< Lhgh dh >

Gh(uh,dh) = UM — o an,

where d = el (k" coordinate vector) , k = 1, ...n for the Gauss-Seidel relaxation.
e Consider a set of grids defined by rn =29h , 0=<gq =<m.
e Define direction sets on rn as

Um = Aa:f dla, ... mw@v, 0=qg=m, where mmp = Mw awp .

81-454
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e The directions on level q are just the relaxation &nm&omm on grid rn ﬁmmmmmmnmma to
gridh = h S L

o.

e One unigrid cycle on level g consists first of v relaxation sweeps with directions amn,
k = 1, ... n, followed forg < m by p cycles on level g + 1 and for g = m by v,
more sweeps. .

e For a rectangular domain,

(29 -k —i]) (2@ =] £=jl) for|k —i],]¢— =21

dps, @, §) = .
0 . otherwise.

e In unigrid, every coarse-grid computation is immediately reflected in the fine-grid
approximation, resulting in a version of multigrid described solely in terms of
fine-grid computations. | ,

81-455

RCODORRMELL DOUGLAS REBEARCH LABORATORIES



e mwmmmmnmnﬁq more arithmetic work and less efficient than multigrid.

e Requires less storage and results in a short code.

e Equivalent to multigrid under the variational conditions

2h _ y2h yhth
L = I" L Iy
2h _ h \T
2= (1)".
e Can serve as a multigrid software simulator.

81-456
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UNIGRID FOR NON-SYMMETRIC OPERATORS

< IH gt - R HpH Sy
< | HopH, HpH >

G ﬁcxg U:v =M - o

835-40



