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4.6 One-dimensional weighted Jacobi.

(a)

()

Verify the Jacobi updating step (4.2).
Discretizing the equation —u”(z) + c¢(z)u(x) = f(x) with centered differences
gives the j equations

—Vj-1 + 22)]' —Vj+1
h2

+ ¢jv; = fj. (1)

Solving the jth equation for v; yields the Jacobi update step

1
U;n+1 = m(@?_l + Uﬂl + h2fj)
J

The weighted Jacobi update step is
w
U;n“ = Thzcj(vg-n_l + vl + R2f) + (1 — w)vy".
Show that the error e; = u; — v; satisfies (4.3).

It can easily be shown that the exact solution u is a fixed point for the weighted
Jacobi step

Uj (Uj_l + Uj+1 + h2fj) + (1 — w)uj'

_ w
- 2+h2Cj

Then, the error update can be given by subtracting the update step for v from
this equation

+1 _ w
E?L = Thzcj(e‘;n_l + e‘;'r_li_l) + (1 — w)e;n

Verify that the amplification factor for the method is given by

G(6) = 1 — 2wsin? <g> (6)



APPM 6640 Homework Solutions, Chapter 4 2

Assume c(z) = 0. We try error components of a certain frequency 6 in the error
update equation. Assuming e]" = A(m)e“? | then plugging this in to the error
update gives

Alm +1)ev? =

o~~~

So the amplification factor is G(f) = 1 — 2w sin g.

4.7 One-dimensional Gauss-Seidel. Verify that the error updating step (4.4). Then

show that the amplification factor for the method is given by

eLG
G0) = 5~y )

Following the same argument for the last problem, the error update step for Gauss-
Seidel is

m—i—l _ 1

1
j - 9 n h2Cj (ej——"i + e;ﬁ-l)' (9)

e

Again, setting ¢; = 0 and plugging in error of a certain frequency, we substitute
ef' = A(m)e’? into the error update step, and put all terms with A(m + 1) on the
left-hand-side:

(2 — e Y A(m + 1)e? = 9 A(m)e ", (10)

Solving for A(m + 1), we have

Afm+1) = <%>A(m) (1)




APPM 6640 Homework Solutions, Chapter 4 3

4.11 Anisotropic operator. Consider the five-point stencil for the operator —eu,, — uy,

given by
1 0 -1 0
| e 2(1+¢) —€ |. (12)
0 -1 0

Find the amplification factors for weighted Jacobi and Gauss-Seidel applied to this
system. Discuss the effect of the parameter € in the case that e << 1.

For weighted-Jacobi the error update step is

+1 _ w
G = 30 1o gt G- T ey i) (LWl (19)
Now, to examine error that is a certain frequency #; in the x-direction and another

frequency 6, in the y-direction, we use €} = A(m)e!i01+3%2)  Then

A(m + 1)eli0+7%2) = A(m)et01+702) <2(1“’+E) (ee™t0r 4 et02 4 .

ee¥t +ef2) 4 (1 - w)>

— A(m)edi01+62) ( 1 (cos(61) + cos(Ba)... (14)

—(1+e)+ 1)

= Alm)e (0 (1 - 2 (esin?() + 5in’()).

The amplication factor is therefore just

2w . 9,01 . 9,02
1+6(es1n2(?)+sm2(5)). (15)

As € — 0, we see that this function is essentially the attenuation curve for the one-
dimensional weighted-Jacobi error iteration in the y-direction for frequency 65.

For Gauss-Seidel, the error update step is

1
m+1 _ m+1 m+-1 m m
et = 5T (ee(i_lm e (j—1) T €Clir1); T € (j+1))- (16)

Now substitute e} = A(m)e!i91+3%2) and put all terms with A(m + 1) on the left-
hand-side to get

A(m 4 1)e(01+762) (2(1 +€) —ee 0 — e_‘gz) = A(m)e!01+762) (ee‘el + €L92>. (17)
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This yields the reduction factor

Eewl +6L92
2(14€) — eemt01 — gm0’

which again tends to the 1D case as ¢ — 0.

(18)



