THE RADAU-LANCZOS METHOD FOR FUNCTIONS OF MATRICES*

ANDREAS FROMMER', KATHRYN LUND-NGUYEN?, MARCEL SCHWEITZER', AND DANIEL B. SZYLD?

Abstract. We present a new iterative method for computing f(A)b, derived from a relationship between
the standard Lanczos method and a Gauss-Radau quadrature rule. We show that this method, called the Radau-
Lanczos method, converges when A is Hermitian positive definite and f is a Stieltjes function. We also show that
the restarted version of this method converges and present numerical results showing this method performing better
than the standard Lanczos method in terms of attainable error norm and iteration count.

1. Introduction. A problem of increasing importance in scientific computations is the evaluation of
f(A)b, where f is a scalar function, A € C"*", and b € C". Frequently A is large and sparse, making the
direct computation of f(A) infeasible, but not f(A)b.

The main contribution of this paper is a new method, which we call the Radau-Lanczos method, for
computing f(A)b. We show it converges when A is Hermitian positive definite (HPD) and f is a Stieltjes
function. Furthermore, this method improves upon the standard restarted Lanczos method for functions of
HPD matrices [1, 2, 3, 4, 11].

An outline of the paper is as follows. We begin by establishing properties of the standard method and
of the Lanczos relation. In section 2, we describe the Radau-Lanczos method for linear systems, including
a variational characterization that yields error bounds similar to those for the conjugate gradients (CG)
method. In section 3, we apply the Radau-Lanczos method to Stieltjes functions of HPD matrices and show
that the restarted version converges by providing convergence bounds. Finally, in section 4, we illustrate
how our method compares to the standard Lanczos method with numerical experiments.

1.1. The standard Lanczos method. We begin by considering the unrestarted standard Lanczos
method for A € C"*™ HPD and f(2) = 271, also known as CG. Consider the linear system

Ax = b. (1.1)

Let x. be the exact solution to (1.1); xp the starting approximation; @, the iterates; e,, = x. — &, the
errors; and 1, = Ae,, = b — Az, the residuals. We also let K,,,(A, o) denote the m-th Krylov subspace
and II,,, the space of all polynomials of degree at most m. Then K,,(A,7r9) = {p(A)rg : p € I,,_1}. We
refer to the following as the Lanczos relation:

AV = Vin T + tis 1 mUm1€2 (1.2)

where the columns of V,,, € C"*™ form an orthonormal basis of K., (A, 70); Trn = VH AV, € C™*™ is the
restriction and projection of A onto K,,(A,7rg); and €,, is the m-th standard unit vector with appropriate
dimension. Since A is HPD, T}, is tridiagonal and real.

Following the more general framework of the Lanczos method, we write x,, as

Tm = X0+ VmTyzlvn{LITO =T + VQO—l(Tm)VnI;ITOa

where ¢,,_1 € II,,,_1 is the Hermite interpolating polynomial of f(z) = 2! at the eigenvalues of T},. Indeed,
Tt = qum-1(Tm); see, e.g., [10, Ch. 1].

We also know that x,, = x¢ + p(A)re, for some polynomial p € II,,_;. The fact that «,, has a unique
representation in xg + K, (A, 79), plus the following lemma [13, Lemma 3.1], ensures that p and ¢, are
in fact the same.
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LEMMA 1.1 (Lanczos polynomial relation). For all g € I1,,,_1,
Vind(T) Vim0 = q(A)ro. (1.3)

Since A is HPD, we can introduce the following inner product (-,-) on II,,:
(P, @) = (a(A)ro, p(A)To) = (p(A)ro) " q(A)ro.

Given the expansion rq = Z?Zl Biu; in terms of the unit eigenvectors u; of A with corresponding
eigenvalues \;, we can express this inner product as

Amax

) = Y B Pap) = [ a()p(z) dae),
i=1 A

where Apin and Apax denote the smallest and largest eigenvalue of A, respectively; and the measure do is
defined by the function a(z) =Y i, 8i|* H(z — \;), where H is the Heaviside function.

If p is a polynomial with p(0) # 0, then we denote p = ﬁp as its normalized variant, so that p(0) = 1.
We denote by p,, the sequence of orthogonal polynomials with respect to (+,-). It is known that the zeros
of p,, are the eigenvalues of T;,, as well as the nodes of the m-point Gauss quadrature rule with respect to
da on [Amin, Amax); see [7, 8]. These orthogonal polynomials are unique up to a scaling factor, and we call

the corresponding normalized p,,, the CG polynomials because of the following well-known result; see, e.g.,
[12, Ch. 8].

THEOREM 1.2. The CG iterates x,, satisfy
(Z) €m = ﬁm(A)eO; Tm = ﬁm(A)rO
(i) llem|l 4 = min{[|z. — x| 4 : ® € o + K (A, 7o)}

1.2. Rank-one modifications. In [3], the authors consider a particular rank-one modification of the
standard method to broaden the class of matrices for which convergence properties can be derived. Their
modified method is based on the Arnoldi relation rather than the Lanczos relation (1.2), as it is defined and
shown to converge for positive real matrices. We only show how the modification works for A HPD (which
is also positive real), to serve as motivation for our new method.

Define T}, := T}, + (th,mT,;lém)ég. Also define a new iteration

Ty, = Lo + meﬂ:lvnljrg.
By the following lemma [15, Lemma 3], we can conclude, just as with CG, that
T = o + h(A)7y,
where h € L, is the Hermite interpolating polynomial of f (z) = 2! at the eigenvalues of T},, and
h(T,,) = T,;}. The eigenvalues of T, are termed the harmonic Ritz values of A. Then Z,, € xo+ K (A, 1)

as well, and as is shown in [3], Z,, is in fact the GMRES approximation to Az = b.
The following lemma also shows that there are further rank-one modifications for which (1.3) holds.

LEMMA 1.3. Let u € C™ be a nonzero vector. Denote fm =Ty, +uell. Then for any q € ,,_1,

Vind(Ton) Viirg = g(A)ro. (1.4)

It is worth mentioning that the only such modifications for which (1.4) can be preserved must be rank-
one with nonzero entries only in the last column, as stated in the following lemma. The proof this lemma
can be found in the forthcoming, longer version of this paper [5].

LEMMA 1.4. Let M € C™ ™ and denote fm =Tn+M. If for allq € 11,1, qu(fm)VfTO = q(A)ro,
then there exists u € C™ such that M = uell.

We are therefore motivated to look for such rank-one modifications that may lead to improved conver-
gence properties.



2. The Radau-Lanczos method for linear systems. In section 1, we saw that the standard Lanczos
method for a HPD matrix is related to the CG polynomials, as well as an m-point Gauss quadrature rule
with respect to the measure da and with nodes at the eigenvalues of T},. In this section, we show how a
particular m 4+ 1-point Gauss-Radau quadrature rule for a modified measure is related to a rank-one update
of the tridiagonal matrix T5,41.

In an m-point Gauss quadrature rule, the quadrature nodes are determined so that the rule is exact
for polynomials up to degree 2m — 1. A Gauss-Radau quadrature rule is a Gauss rule in which one node is
fixed. We fix 0y > Amax, and consider the m + 1-point Gauss-Radau rule on the interval [Amin, Amax] for a
new measure dagr defined as dag(t) = (6o — t) da(t). Following the work of [7, 8], we then seek a matrix
related to T;,11 whose eigenvalues are the nodes of this rule.

First we write T,,, explicitly as

w1 M
Y1 W2 Y2

Ym—2 Wm—1 TYm—1
Ym—1 Wm

Then we solve for d € C™ satisfying (T}, — 0oI)d = 72,€,, and define

m+1 Vi /e\g dpm ’

where d,, is the m-th component of d. Note that T, ; can also be expressed as a rank-one modification
of Ty 41, satisfying Lemma 1.3: TnP;Jrl =Tmy1+ (dm — wm“)émﬂé\gﬂ. Furthermore, the eigenvalues of
TR, are in fact the nodes of our m + 1-point Gauss-Radau rule, with one node fixed at 6p. We denote the
eigenvalues of TR | different from 6y by 68, i =1,...,m.

As with CG, there is a connection to a particular set of orthogonal polynomials, given the appropriate
inner product. According to Gautschi [6], this inner product is

Amax

() = Y 18P0 — A)a)pON) = / 4(=)p(2) dan(2), (2.1)

Amin

which we refer to as the Radau inner product, with dar as the Radau measure defined earlier. We let p&
denote the polynomials orthogonal with respect to this inner product, whose roots are 6%, i = 1,...,m.
Note that g is not a root of p for any m.

We finally define the m + 1-st Radau-Lanczos approximation as

R . R \~lyH

As in section 1, we now explore polynomial relations amongst the approximations % 41, the errors
el 11, and the residuals ri 41- Let q% denote the Hermite interpolating polynomial of degree m through
f(z) = 27! at the eigenvalues of T}, ;. By Lemma 1.3,

i1 = @0 + Vint1d (Th1) Vinpamo = @o + ¢ (A)ro.
Then
emi1 = €0 — G (A)r0 = €0 — Agy (A)eo = my, 1 (A)eo,
where 78 1 (2) =1 — 2¢%(2) and 7| € IL,,,41. Consequently, 75, = 7t | (A)ro. Note that

1 1
g1 (2) = g, B0~ 2)Pm(2),  where Pyl (2) = p,f;(O)me)’ (2:2)

since the roots of 7 | | are the eigenvalues of T} |, and 75, (0) = 1.
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2.1. Variational characterization. We now derive a variational characterization of the Radau-
Lanczos method. We begin with a useful orthogonality property.

LEMMA 2.1. For any q € Il,,,_1, (e — ¢ (A)ro, q(A)ro)a = 0.
Proof. The proof follows from the definition (2.1) and the polynomial equivalence (2.2):

0=(7.00 "Dr)r =0~ Pr(M)a(Xi) (0o — \i) |Bi]?
=1

= (00 — A)0o ™" Py (A)ro, q(A)ro)2 = (mh 1 (A)ro, q(A)ro)2
= (A(eo — g (A)ro), q(A)ro)2 = (€0 — qry (A)ro, q(A)ro)a. O

By definition, ¢& interpolates =1 at the eigenvalues of T% 11, and in particular, at 6g. In fact, for every

m, q% interpolates =1 at 6y. Then for some s® ;| € I1,,_4

1

i (2.3)

G (2) = (00 — 2)s1p_1(2) +
for all m. We therefore regard ¢, a polynomial of degree m, as being completely determined by the m — 1-
degree polynomial s,,,_1. It is precisely this fact that leads to the following variational characterization of
the Radau-Lanczos method.

THEOREM 2.2. The approzimation x% | is such that the error el | =@, — xR | satisfies

1
ey — —7rg—
0 900 Yy

" - .
||em+1 HA(GOI—A)_l - ye(eof—rg)l%m(A’ro)

A(OpI—A)—1

Proof. By Lemma 2.1 and (2.3), we have for all ¢ € II,,,_; that
1
0= (eo — g (A)ro,q(A)ro)a = (€0 — T (601 — A)sy_1(A)ro, a(A)ro) a

1
<€0—%T0—(901 A)sy 1 (A)ro, (61 — A)q(A)ro) ager—a)-1-

Since (6pI — A)sE_ (A)rg € (6oI — A)K (A, 7g), and since (0ol — A)g(A)ro describes all the elements of
(6o — A)K,, (A, 70), the desired minimization property holds. O

COROLLARY 2.3. The error el | further satisfies

e+ = g i, 10T = Aol i)

(0)=1
pell,,
Proof. By Theorem 2.2, we have
1
‘|651+1||A(90[,A)—1 = ||€0 — GOTO - (GOI A) Sm— 1(A)TO BT A)—

ol—

1

<|leo— g o~ (0o — A)g(A)ro )
0 A(GpI—A)—1

for all g € II,,,_1. Note that

%—%m—%hﬁMMW=O—%A(%FAMMo%

) (901 A) (I —60Aq(A)) eo
0

— (6l = Ap(A)en,
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where p(z) is any polynomial in II,,, with p(0) = 1. Then, in fact,
He7n+1||A(001 A)-1 = 9 H(aOI A)p(A)eoll aoyr-ay-1 5
for all p € II,,, with p(0) = 1. In particular, from (2.2) we have that
elt 11 = o (T — AP (e,

so the minimum is attained. d

2.2. Convergence for linear systems. We can further show that the Radau-Lanczos method con-
verges and provide a convergence bound related to that of CG. Define the following quantities:

-1 1
c:= T and &, =

B

/\max

3
)\min

(2.4)

cosh(mlnc)’

B

If kK = 1, then we set &,, = 0.

THEOREM 2.4. The error for Radau-Lanczos approzimation %, can be bounded as

Ami Ami
R min min m
Hem+1HA(9017A)—1 < (1 - b0 ) Em ||60HA(9017A)_1 <2 <1 - —90 ) c ||60HA(9017A)—1

Proof. Since A is HPD, A2 (6o — A)~2 commutes with (69 — A)p(A), and we have

= (6o — A)p(A)]|, -

1607~ Ap(A)Lagayr—a) -+ = [AF(BoT — A) (BT — A)p(A) A% (BT — )%

Then along with Corollary 2.3, we have the following:

1 .
He7n+1||A(001 A)-1 9_0 pfg)llel (601 — A)p(A)eOHA(GOI—A)—l
p€Elly,
1
9— ) ||(901 A)p(A )||A(9017A)—1 ||60HA(9017A)—1
€M,
! A
= H_Qpl(nln (001 — A)p(A )”2”60”,4(9017,4)*1
p€Elly,
1
< — B — ) [p(A -
go min max (6= X) [pOV)] leoll a1y
pElly,
GO_Amin .
< —-— A —1- 2.5
ST i R P eollaar - 9
pellym,

By a classical result on Chebyshev polynomials (see, e.g., [14, Section 6.11]) and the relation cosh ™ (z) =
In (z +/(z+1)(z— 1)), we have that

min max A <€, < 2em. y
P(0)=1 [AminsAmax] PN <€ )
pell,,

Combining (2.5) and (2.6), we arrive at the desired conclusion. O
Convergence follows since &, goes to 0 as m increases.
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3. The Radau-Lanczos method for Stieltjes functions of matrices. Let f be a Stieltjes function
of the form

0= [ s ), ()

where (1 is monotonically increasing and nonnegative on [0, 0o) with the property fooo H_Ll dp(t) < oo. Define
the Radau-Lanczos approximation to f(A)b as
1 = Vi1 f (T 1) Vil b,

where the columns of V41 form the Lanczos basis of K,,41(A,b). Note that f( +1) = ¢(TR 1), where
¢« € I1,,, is the Hermite interpolating polynomial of f at the eigenvalues of T} P By Lemma 1.3, f& 4=
Qs (A)b S Km+1(A, b)

To show that fR_ , converges to f(A)b, we will take advantage of the integral form (3.1) of f in the
expressions of f(A)b and f} .,

FA= [ @A+ dutt) and gl = [ Vi@ )T VLD du). (32

We therefore need shifted versions of the results in section 2.

LEmMMA 3.1. Let fm and ro be as in Lemma 1.3. Then for allt € C and for all g € -1,
V(T + 1V 2y = q(A + tD)rg. (3.3)

Proof. It is easily verified that the Lanczos relation (1.2) is shift invariant, i.e., AV,, = V,,T,, +
tm+1,mVm+1€ implies (A + t1)Vy, = Voo (Ton, + tI) + ting 1, mVm+1€L, so that the columns of V;,, are also a
basis of (A + tI,7r¢). Applying Lemma 1.3 to A+ ¢tI and T,, + tI gives the desired result. O

We also define the following shifted quantities for ¢ > 0:

x.(t) ;= (A+t)™'b
zh () =V (T +tD) WV b
e (t) = mu(t) — 2544 (1) (3.4)
T (t) = (A+tDey, (1)

Note that & | (¢) is not the m+ 1-st Radau-Lanczos approximation to the shifted system A+¢I. However,
the shifted residuals are collinear with 7 (0).

LEMMA 3.2. Assume that the initial shifted residuals are all collinear with rit(0), ie., rit(t) =
po(t)r&(0) with po(t) € C. Then
(i) the shifted residuals % () are collinear with v% 1 (0) in the following sense:

7'71}1+1 (t) = pm+1 (t)"'}}wrl (0),

where pp41(t) = ﬂpf’i. and

+1(*t) ’
(ii) pmra(t) < po(t).
Proof. To show (i) we first apply Lemma 3.1 and relations from section 2 to A + ¢/ and TRH +tI to
obtain that

T (t) = 7751+17t("4 +thrg(t),

where w1 1 (2) = 1 — 24} ,(2), and g} , € II,,, interpolates z~' at the eigenvalues of T)x, | + I, which are

0o+t and 0 +¢,i=1,...,m. We can write m; | , explicitly as
R (0o +t—2) [Ti=, (07 +1 —2)
Tm+1 t(z) = m R
’ (6o + ) I ;=1 (65 + 1)
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Then

B0+, (67 +1) (6o +t—2) [T2, (07 +1—2)

7T§1+170(_t) - 0o Hm oR and 7T§1+170(Z - t) = 0o Hm oR )
i=1Y% i=1%
implying
R )= T 10(z—1) _ T (2 —1t)
mAt 7T7Fr{z+1,0(_t) TR (=t)
Therefore,

1 polt
L) = 78 (A D) = et (A () = Pt o)
m—+1 m

where the last equality holds by the collinearity assumption ri(t) = po(t)ri(0) and by the equality

o1 (A)rg(0) = 737 11 (0).
As for part (ii), since ¢t > 0 we can easily deduce the following bound:
pot) 0o [T~ 07
T (=t) (B0 + 1) T2, (07 +1)
At this point, we have all the necessary tools to show that the Radau-Lanczos method converges for

Stieltjes functions of HPD matrices. Note that the norm for this convergence bound is the A=1(6oI — A)~1-
norm, which is different from the norm used for the bounds in section 2.

<po(t). O

Pm (t) =

THEOREM 3.3. The following error bound holds for the Radau-Lanczos method:

Amin Amin m
17 = Frniilla-s (g1 2y <C <1 "0, > bm =20 (1 - > “

where ¢ and &, are as in (2.4), and C = ﬁ 16]15 f (Amin)-
min (Y0~ Amax
Proof. We begin by looking at the integral expression for the error (3.2):

oo

P = 1l = [ [0 - alia@] dut = [ el auto
Applying Lemma 3.2 to the shifted residuals r +1(t), we obtain the following:
1£(4)b — frlerlHA*l(GoI—A)*l < /OOO ||erfr{z+1(t)HA71(901_A)71 dpu(t)
— /OOO ||(A+L‘I)*lrfjﬂrl(t)||A_1(90I_A)_1 du(t)
_ /OOO A+ D) a0 2 ) 42 g1 )1 ()
= /OOO A+ ﬂ)_lpo(t)rrfr{lﬂ(O)HA—I(GDFA)—l dp(t)

_ /O 0O [ (A+ D708 O agray s D). (35)
Since A, its inverse, and the shifted matrices A 4+ ¢I, t > 0, are all HPD, we have the following relation:

A+ 1) 8 O g ay o = (A + D) Ael 1 (0), A (0T — A) (A + 1)~ Aelk,(0))

1 2 )
(ﬁ) Heiﬂ(O)HA(GOI_AH : (3.6)
7
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Then by applying (3.6) to the integrand of (3.5) and by Theorem 2.4, we have
|P0
I£08 ~ £ sy = [ 3 el Ol gy o )

)\min R > |p0(t)|
< (1— % )ﬁmHeo (O)HA(QDI,A)A/O P du(t), (3.7)

Furthermore,

€505y g r—ays = (€(0), A(BoT — A)~"ef}(0))

= (r5:(0), A™H (8o — A)~'rg(0))
1

2
< Yoo o) |76(0)]]5 - (3.8)

Finally, by the definitions in (3.4), we implicitly have that z{(t) = 8(0) = 0, thus implying that r{(¢) =
rt(0) = b; therefore po(t) = 1. Combining this with (3.7) and (3.8), we then obtain the desired bound. O

3.1. The restarted Radau-Lanczos method. In many practical situations where one wants to
approximate f(A)b, the available storage limits the number of Lanczos iterations that can be performed,
as one needs to store the entire basis V,,, in order to form fR. Therefore, restarts are of vital importance
in this setting; see, e.g., [1, 2, 3, 4, 11]. The idea is as follows: after a (small) number m of Lanczos steps,
one forms a first approximation f,g% ) for f(A)b. If this approximation is not accurate enough, one uses m
further Lanczos steps to obtain an approximation aS}J for the error f(A)b — f,S% ), which is then used as an
additive correction to form f,(,? ) = f,(n1 ) + a%). Continuing like so, we obtain the sequences f#f ) and ani),
where k denotes the index of the restarted cycle, and m the length of the cycle.

We further note that, for every cycle, one must use a suitable representation of the error as the action of
a new matrix function e®)(A) on a vector [2, 4]. Ultimately, it is crucial to find a representation for e(*)(z)
that can be evaluated in a numerically stable manner. Following [3, 4] we represent e(®)(z) as a Stieltjes
function with a new measure du*) for the Radau-Lanczos method, allowing us to prove the following
theorem, which shows that a restarted variant of the Radau-Lanczos method is also convergent. Details will
be given in [5].

THEOREM 3.4. Let k be the number of restart cycles, and m + 1 the length of each cycle. Let f(k)
denote the restarted Radau-Lanczos approximation after k cycles. (We drop the superscript R for ease of
notation.) Then

Amin \ "
Ab — (k) H ] _ Amin k
Hf( ) m+1 1(001 A) 1 70 00 mo

R S .
T 1l f(min)-

Proof. We only give a sketch. As with f(f}rl, let the superscript (k) denote all the corresponding

T
restarted quantities. Following the proof of Theorem 3.3, we again note that

TR NI A [FRR R ant] anlt).

where C =

A-1(0pT—A)-1

Assuming the restarted initial residuals are collinear, i.e., rék) ()= p((Jk) (t)r(gk) (0), then by Lemma 3.2(i),
we have that rfjfil(t) = pifll(t)r,ﬂ,’fil(()).

Furthermore,

Al o) < |0
H( * ) Tm+1( ) A-1(gI—A)—1 Amin + ¢ Cm+1 ) A(OoI—-A)~1

1 rnln
< —(1-— m
- )\min +1 ( > €

8
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A(BpI—A)—1



where the last inequality holds by Theorem 2.4 for a particular restart cycle k.
Since eék) (0) = e,(jj:)(()), we can apply Theorem 2.4 and Lemma 3.2(i) inductively to obtain that

k—
(k) H _ Amin k=1 (1) (k-1) H €) H
0 < (1
[0y g = (12 e 0D o) e o

Further note that p( )Jrl = p(H'l) therefore, by repeated application of Lemma 3.2(ii),

k—1 k—1
S (8) - PR D) < o)) =1,

since pg is as in Theorem 3.3. Combining all these pieces, we have that

el o) dp(t)

A(OpI—A)—1

Ab — (k) H / 1— Amin
Hf( )b = Fmi A-1(0pI—A)—1 /\mm+t 6 fm

Using (3.8) again, we obtain the desired result. [

3.2. Stable evaluation of the residual norms. For implementing the restarted method, which relies
on a quadrature-based evaluation of an integral representation of the error function, it is important to be
able to evaluate the residual norms stably, i.e. the collinearity factors p,,11(t) from Lemma 3.2, to high
accuracy. The representation given in Lemma 3.2, while being important from a theoretical point of view, is
numerically less stable; but as we explain in the forthcoming paper [5], pm+1(f) can alternatively and stably
be obtained by solving (triangular) HPD systems. The result is similar to a known result for the standard
Arnoldi method, see, e.g., [14, Proposition 6.7] or [4].

4. Numerical results. To demonstrate that our method is indeed an improvement over the standard
restarted Lanczos method, we present the following two examples. In both cases, we compute f(A)b, where
flz) = ﬁ and b is the normalized vector of all ones. The inverse square root is an important function in

lattice quantum chromodynamics computations; see, e.g., [4, 15]. Such f is also a Stieltjes function of the
form (3.1). In fact, for all & € (0,1),

L _ sin(om) /°° t=° gt
0

™ t+ =z

is a Stieltjes function; see, e.g., [9]. For the Radau-Lanczos method, we fix 6y = Amax + Amin. As for the
cycle length, we fix m = 10.

4.1. A diagonal matrix with large condition number. We first consider a diagonal matrix A of
size n = 1000. Half of the eigenvalues of A are evenly distributed in the interval [1072,107!], and the other
half lie in [102, 10%], resulting in a condition number of 10°.

As one can see in Figure 4.1, the Radau-Lanczos method converges well before the standard one, which
cannot even attain a competitive error as it stagnates around cycle 1500. Furthermore, the Radau-Lanczos
method requires fewer iterations than the standard method.

4.2. The two-dimensional Laplacian. We next examine how our method performs on the discretized
two-dimensional Laplacian operator of dimension n = 1600 with condition number O(102). This example
shows that, again, the Radau-Lanczos methid is capable of attaining a significantly lower error norm than
the standard one, and in fewer iterations, as seen in Figure 4.2.

5. Conclusions and future work. We have presented a new method for computing f(A)b and derived
convergence bounds for this method in the case when A is an HPD matrix and f is a Stieltjes function. We
developed these results in analogy to CG, even using classical CG results to obtain error bounds for when
f(z) = 271, We demonstrated that our method improves upon the restarted standard method with two
supporting numerical experiments.
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method in the forthcoming paper [5].
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Fic. 4.1. Convergence curves of example 4.1, where A
is a diagonal matriz.
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F1c. 4.2. Convergence curves of example 4.2, where A
is the discretized two-dimensional Laplacian operator.

As noted throughout the paper, we plan to provide more detail on various aspects of the Radau-Lanczos

In particular, we will present an algorithm which accounts for the

stable and efficient computation of the residual norms and error matrix functions, which are essential for
the restarted version of our method. We will further examine the behavior of our method in comparison to
the standard one when applied to other matrices and functions.
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