PROBABILISTIC BOUNDS FOR THE MATRIX CONDITION
NUMBER WITH EXTENDED LANCZOS BIDIAGONALIZATION
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Abstract. Reliable estimates for the condition number of a large (sparse) matrix A are important
in many applications. To get an upper bound for the condition number x(A), a lower bound for
the smallest singular value is needed. Krylov subspaces are usually unsuitable for finding a good
approximation to the smallest singular value. Therefore, we study extended Krylov subspaces which
turn out to be ideal for the simultaneous approximation of both the smallest and largest singular
value of a matrix. First, we develop a new extended Lanczos bidiagonalization method. With this
method we obtain a guaranteed lower bound for the condition number. Moreover, the method also
yields a probabilistic upper bound for x(A). This probabilistic upper bound holds with a user-chosen
probability.
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1. Introduction. Let A € R™ " be a large, nonsingular matrix. Let A = XXV 7
be the singular value decomposition of A, where X and Y are n X n matrices with
orthonormal columns containing the left and right singular vectors of A, respectively.
Furthermore, ¥ is an n x n diagonal matrix with positive real entries containing the
singular values of A that are numbered in decreasing order,

o122 0,>0.

We are interested in the important problem of approximating the condition number
of A
R(4) = [|4] A7) = 2,
On
where || - || stands for the 2-norm. The (Golub—Kahan—)Lanczos bidiagonalization
method [2] gives an approximation, a lower bound, for the maximum singular value
o1 of A. In addition, an upper bound for the minimum singular value is obtained, but
this is usually a rather poor bound (see, for example, the experiments in Section 5).
To approximate the condition number, good approximations to o, are needed.
This paper has three contributions. First, we develop a new extended Lanczos
bidiagonalization method. The method generates a basis for the extended Krylov
subspace:

JCFURLATA v) = span{(ATA)Fv, ... (ATA) v, v, ATAv, ... (ATA)kvY.

Extended Krylov subspace methods have been studied recently by various authors
[1, 6, 7, 8, 12]. The second contribution of this paper is that we obtain a guaran-
teed lower bound for o1 and a guaranteed upper bound for o, (that is much smaller
than the one obtained with the standard Lanczos bidiagonalization), which leads to
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a guaranteed lower bound of good quality for the condition number of A. Third, we
obtain a probabilistic upper bound for the condition number. Recently, probabilistic
techniques have become popular, see for instance [3, 4, 13]. An important feature of
the Lanczos bidiagonalization procedure is that the starting vector can be (and often
is) chosen randomly. The probability that this vector has a very small component in
the direction of the singular vector we are interested in is small. Another characteristic
of the procedure is that during the bidiagonalization process polynomials implicitly
arise. These two properties are exploited in [4] to obtain a probabilistic upper bound
for 01. The bound holds with a user-chosen probability. In the extended Lanczos bidi-
agonalization we will expand the techniques from [4] to obtain both a probabilistic
lower bound for ¢, and a probabilistic upper bound for o1, leading to a probabilistic
upper bound for k(A).

2. Extended Lanczos bidiagonalization. The algorithm we develop starts
with a random vector vy with norm one. We express v as linear combination of the
right singular vectors y;

n
(21) vo=>_ viyi
=1

Notice that both the y; and v; are not known. The extended Lanczos bidiagonalization
method repeatedly applies the matrices A, AT, A=, and A~'. In every step a gen-
erated vector is orthogonalized with respect to the previous constructed vectors, and
then normalized. This procedure can be visualized as a string of operations working
on vectors:

A AT AT A1 A AT
Vo o A1 u_1 vV_1 u] >

Note that in this visualization the orthogonalization and orthonormalization of the
vectors are not shown. In this scheme, applying the operation A= after AT (and A
after A~!) may seem contradictory, but since the vectors are orthogonalized in be-
tween this truly yields new vectors. Another way to represent this procedure is the
table below:

Step Action  Generated  Action  Generated Action Generated  Action  Generated

0 Avg up ATUQ Vi A_Tvl u_1 A_lu,1 vV_1
1 Av_1 ul ATu1 Vo AiTVQ u_9o Ailu_z V_9
k—1 AV,]ﬁLl up_1 ATuk71 Vi A_Tvk u_y A_lu,k V_§k

During the procedure, the generated vectors v; are normalized after being orthogo-
nalized with respect to all previous generated v;, i.e., for k > 1

Vi L{vo,V1,V_1, ..., Vi1, Vopy1 ) Vo L{vo,vi,vo1, oo, Voggr, Vi)
Similarly, all generated vectors u; have unit norm and

up_1 L {ug,u_r,uy, ..., up_o,u_py1}, u_p L {ug,u_y,uy, ..., u_pyq,up_1}.



PROBABILISTIC CONDITION NUMBER BOUNDS 3

Define the matrices

Vor = [vo,V1,V_1,..., VL],
Vakt1 = [Vak, vl

Usgk—1 = [ug,u—1,u1,..., 1),
Ua = [Uak—1,u_¢].

The columns of these matrices are orthonormal and they span the corresponding
subspaces Vog, Vor11, Usk—1, and Usg, respectively. After k steps the algorithm gives
rise to the following expressions:

AVopr1 = Usgr1Tok+12k+15

(2.2) ATUsp1 = Var(Tok—126)" = Voro1(Ton—1,26-1)" + Be—1 vieed, 4,
ATTVo, = UpHyy o,
AWy, = Vagp1Hopy1 2k = VarHopor + 0p v_rel,.

Here, ey is the 2kth unit vector and the coefficients Sr_1 and §; are entries of the
matrices T and H and will be specified below. The matrices T' and H turn out to be
tridiagonal matrices with a special structure as we will show in the next proposition.
The leading submatrices Thy,_; € REZF=DxEE=1) and Hy, € REF*(2K) gre given by

Top—1 = U1 AV, Hop = Vo A Usp.

ProposiTION 2.1.
(a) The matriz To,_1 is tridiagonal and of the form

ao Bo
aq
1 a1 B
(6% ,
B2 a-o [
o3
where its entries satisfy
12j,25 =a; = [ATvl|7t = |[ATu ],
tojrg; =B =ujAvy,
t2j+172j+1 =0a_j :quv_j,
tojrrzre =B = [[ATw; — (u] Avj)v; — (u] Av_j)v_j]|.

(b) The matriz Hoy, is tridiagonal and of the form

@y
—1
51 a_q 5_1
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where its entries satisfy

haj.2j =a; = [ATvl|7t = [[ATa ],

hojri2j  =0; = [AvI7T,

hajrizjel =a-; =uf Av_j,

hajiigjee =0-; = [ATu; — (uf Avy)v; — (uf Av_;)v_j].

Let 0§2k_1) > 0> 9%’:1) be the singular values of To;_1, and §§2k) >0 > ééik) be

the singular values of Ho,. These values are approximations of the singular values of
A and A™!, respectively. We will avoid the use of superscripts if this is clear from the
context. Further, let ¢; and d; indicate the corresponding right singular vectors of
Toi—1 and Hyyg, respectively. We will now study the behavior of these values 6; and
&; to obtain guaranteed bounds for the extreme singular values of A.

PROPOSITION 2.2.
(a) For 1 < j < 2k — 1 the singular values of Top_1 converge monotonically to the
largest singular values of A:

k— k
oD < 9 < o(A).

(b) For 1 < j <2k —1 the inverse singular values of Hop converge monotonically to
the smallest singular values of A:

Un—j+1(A) = (O.j(A—l))—l < (5]('%))71 < (E}Qk_l))il-

Proof. The matrix T5,_1 can be seen as the matrix T, from which the 2kth row
and column have been deleted. The same can be said of the matrices Hop_1 and Hop.
Now we apply [5, Cor. 3.1.3]. O

Proposition 2.2 shows in particular that the largest singular value of the matrices
Toi_1 converges monotonically to o1, and the inverse of the largest singular value of
the matrices Hop converges monotonically to o,. After the kth step of the procedure,
we obtain the value 95%71), a guaranteed lower bound for o1, and the value (§§2k))_1,

a guaranteed upper bound for o,.

PROPOSITION 2.3. After the kth step of the extended Lanczos bidiagonalization
we obtain a guaranteed lower bound for the condition number of A:

(23)  Fiow(4) = 0261 < 7 = K(A).

n

The experiments in Section 5 show for different matrices that the guaranteed lower

bound achieved by the extended Lanczos bidiagonalization may often be very good.
We can reformulate the expressions in (2.2) to see the similarities with the ex-

tended Lanczos method, see, e.g., [7], with starting vector v and matrix ATA:

ATAVo 1 = ATUs 1 Tok—12k-1

= Va1 (Tok—1,2%—1)" Tok—1.25—1 + Br—1 Vi €k Tox—1.2%—1
(2.4)
(ATA) Wy, = A7 Ugp Hyy, o,

_ T T 5T
= VorHok,ok Hyp, of, + Ok Vi €9 Hop o
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In this extended Lanczos process the symmetric matrices (Tgk_mk_l)TTgk_l,gk_l and
Hgkngsz o are generated. They are both the formation of two tridiagonal matri-
ces with avspecial structure, namely the matrices obtained from the extended Lanczos
bidiagonalization, and they appear to be pentadiagonal. Furthermore, this way of rep-
resenting the procedure will be convenient in the next section where we will introduce
Laurent polynomials.

3. Polynomials arising in extended Lanczos bidiagonalization. In every
step of the extended Lanczos bidiagonalization procedure four different vectors are
generated (assuming there is no breakdown). For brevity we will focus on the vectors
v and v_, but analogous statements can be made about the vectors u; and u_g.
Since these vectors lie in an extended Krylov subspace, they can be expressed using
polynomials:

vii  =p(ATA)ve € KM (ATA, vo)
v_r =p_p(ATA)vg € KFLFL(ATA vy).

The polynomials p; and p_j are Laurent polynomials of the form
i k) .5 a k) ,4
)= > a®d, pam =Y oM.
j=—k+1 j=—k

Recall that 9§2k_1) > > Qgik:ll) are the singular values of T5;_1, the singular values

of Hyy, are f;zk) > > §§ik), and c; and d; indicate the corresponding right singular
vectors of Tor_1 and Hoyy, respectively.

PROPOSITION 3.1. The zeros of the polynomial py, are exactly 63, . .. ,9§k_1, and
the zeros of the polynomial p_i are exactly 51_2, . ,52_,3.

Proof. Let j € {1,...,2k—1}. Using (2.4) it can be easily seen that the Galerkin
condition holds for the pair (9]2-, Vok—1¢5):

ATAVap_1¢5 — 03Vag_1¢j L Vay—1.
Further, since Voi_1c; € Vop—1 it follows that
(ATA = 031)Vay—1c; € span{(ATA) "1y, ..., (ATA) vo}.

For all j = 1,...,2k — 1 we have that (ATA — H?I)‘ék,lcj € Vo, but is orthogonal to
Vor—1. This means that for all j = 1,...,2k — 1 the vector (ATA — Q?I)ng_lcj is a
nonzero multiple of vy = pi(ATA)vg. Hence pi(t) should contain all factors ¢ — 0]2-.

k
We know that pg(t) = Z ag-k) 7, and thus py, has to be a nonzero multiple of
j=—k+1

p(t) =t (= 07) - (8 )

Similarly, let ¢ € {1,...,2k}. Using (2.4) it can be easily seen that the Galerkin
condition holds for the pair (£2, Vard;):

(ATA) Ward; — Vard; L Vay,.
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Further, since Vord; € Vo, it follows that
((ATA)™' = & 1)Vad; € span{(ATA) Fvo, ..., (ATA) v}

For all i = 1,...,2k we have that ((ATA)™ — £2I)Vaxd; € Vi1 1, but also orthogonal

to Vor. This means that for all i = 1,...,2k — 1 the vector ((ATA)~! — £21)Vad;

is a nonzero multiple of v_j = p_(ATA)vo. Hence p_(t) should contain all factors
k

1 — €2 We know that p_(t) = Z al(-_k)ti, and thus p_; has to be a nonzero
i=—k
multiple of

p)y=t"- @t =€)t = &)

Note that the proofs in [4, p. 467] and [11, p. 266-267] follow the same line of reason-
ing. O

We recall from Proposition 2.2 that for increasing k the largest singular value of Th_ 1
converges monotonically to o1, and the inverse of the largest singular value of Hy
converges monotonically to an. This implies that the largest zero of polynomial py
increases monotonically to o?. Likewise, the smallest zero of polynomial p_ decreases
monotonically to o2. These polynomials are used in the next section to obtain prob-
abilistic bounds for both the largest and smallest singular value of A.

4. Probabilistic bounds for the condition number. After step k, the ex-
tended Lanczos bidiagonalization implicitly provides Laurent polynomials p, and p_.
In the previous section we have seen what the zeros of py and p_j are (Proposition
3.1). Moreover, the polynomials |py| and |p_g| are strictly increasing to the right of
their largest zero and also to the left of their smallest zero, for ¢ — 0. These properties
will lead to the derivation of a probabilistic upper bound for x(A). Therefore, we first
observe the two equalities

L= [lvil* = [lpe(ATA)vol* = Hzpk (ATA)yiyi)? Z%pk :
= 1

1= [[vol* = lp-r(ATA)vo|* = HZP KA A)yyi||* = Z%p k(o
=1

Here we used, in view of (2.1), that ATAy; = o2y, and the fact that the right singular
vectors y; are orthonormal. Since the obtained sums only consist of nonnegative terms,
we conclude that

1
(4.1)  Ipk(o?)| < mp and p-r(om)] < ol

If 41 would be known, the first estimate in (4.1) would provide an upper bound for
| Al|? = 0%, namely the largest zero of the function

[t) = Ipe(®)] = —

1
71|
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Similarly, if 7, would be known, the second estimate in (4.1) would provide a lower
bound for ||A=!||72 = o2, namely the smallest zero of the function

Falt) = Ips(0)] — -
[n]
However, both v; and +, are unknown. Therefore we will compute a value ¢ that
will be a lower bound for |y;| and |v,| with a user-chosen probability. Suppose that
|71] < 0. Then the largest zero of f{(t) = |pk(t)| — % is smaller than the largest zero of
() = |pr(t)] — h | and thus may be less then o%. This means that § may not give
an upper bound for o;. We now compute the value § such that the probability that
71| < 6 (or |y,| < 6) is small, namely e. Let S"~! be the unit sphere in R". We choose
the starting vector v randomly from a uniform distribution on S"~! (Matlab code:
vli=randn(n,1); vi=vl/norm(vl)), see, e.g., [9, p. 1116], which (by an orthogonal
transformation) implies that (y1,...,7,) is also random with respect to the uniform
distribution on S™~.

LEMMA 4.1. Assume that the starting vector vo has been chosen randomly with
respect to the uniform distribution over the unit sphere S"~% and let § € [0,1]. Then

arcsin(d)
Pl <é)=2B("31, 5" / cos2(t) dt,
0

where B denotes Euler’s Beta function: B(z,y) fo =1 t)Y=1dt, and P stands
for probability.
Proof. See [13, Lemma 3.1]. O

The user selects the probability e = P(|vy1]| < 0), i.e., the probability that the computed
bound may not be an upper bound for the singular value o;. Given this user-chosen
€ we have to determine the § for which

).

N[ =

arcsin(d)
(4.2) /0 cos" 2(t)dt = 3 B("5,

The 6 can be computed for instance by using Newton’s method. With this § we
can compute two probabilistic bounds, namely the square root of the largest zero of
the function f? and square root of the smallest zero of the function fJ. Computing
these values can be done with Newton’s method or with bisection. We thus acquire a
probabilistic upper bound for o1 and a probabilistic lower bound for o,,:

b
o1 < meb and o > op’.

Both inequalities are true with probability at least 1 —e. Since the coefficients y; and
v, are chosen independently, the probability that both inequalities hold is at least
1 — 2e. This proves the following theorem and corollary.

THEOREM 4.2. Assume that the starting vector vg has been chosen randomly
with respect to the uniform distribution over S"~1. Let e € (0,1) and let & be given by
(4.2). Then ohp rob , the square root of the largest zero of the polynomial

43) [0 =l - 5
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prob

low » the square root of

is an upper bound for o1 with probability at least 1 —e. Also, o
the smallest zero of the polynomial

(@) S50 = )l -

is a lower bound for o, with probability at least 1 — €.

Combining these two bounds leads to a probabilistic upper bound for the condition
number of A.

COROLLARY 4.3. The inequality

prob
o1 ou
(@5) w() =2 < Tp — k(4.

low

holds with probability at least 1 — 2¢.

5. Numerical experiments. We present the pseudocode for the extended Lanc-
zos bidiagonalization method including the computation of a guaranteed lower bound
and a probabilistic upper bound for the condition number. We test the method to
quickly estimate the condition number for some large matrices. The matrices we
choose are real and nonsymmetric (except for the second) and the number contained
in their name indicates the size of the square matrix (memplus is an 17758 x 17758
matrix and sherman5 is 3312 x 3312). Most of these matrices can be found in the
Matrix Market [10]. The extended Lanczos bidiagonalization method constructs a
basis for the Krylov subspace KF1#+1(ATA v() with dimension 2k + 1. Therefore,
we compare the method to standard Lanczos bidiagonalization that builds a Krylov
subspace K2¥t1(ATA vg) of dimension 2k + 1. Standard Lanczos bidiagonalization
builds a bidiagonal matrix Bayi12k+2 (see, for instance, [2]), and its condition num-
ber gives a lower bound for k(A). The starting vector vy is randomly chosen from
a uniform distribution on S™~! as explained in Section 4. For these experiments we
choose € = 0.01 which corresponds to a reliability of at least 98% for the bounds for
the condition number to be true (see Section 4). We use bisection to compute ¢ and to
compute the largest and smallest zero of f? and f2, respectively (see (4.3) and (4.4)).
Extended Lanczos bidiagonalization is computationally more expensive compared to
standard Lanczos bidiagonalization, but since the bounds are so superior to those of
the standard Lanczos bidiagonalization this extra cost is fully justified. Finally, we
compute the ratios K(A)/Kiow(A) and Kup(A)/Kiow(A) (see (2.3) and (4.5)). In our
experiments we used a fixed k. The next step would be to adaptively choose k given
a user-selected ¢ and desired ratio kup(A)/Kiow(A).

6. Discussion and conclusions. We have proposed a new extended Lanczos
bidiagonalization method. This method leads to tridiagonal matrices with a special
structure. Further, the method provides a guaranteed lower bound for x(A) of good
quality. Also, it yields a tight probabilistic upper bound for x(A), already after a mod-
est number of steps. Extended Lanczos bidiagonalization is more expensive than the
standard Lanczos bidiagonalization, but it outperforms the standard method giving
much tighter guaranteed lower bounds for the condition number and also probabilistic
upper bounds. In our experiments we used a fixed k. Currently, we are developing a
code that chooses k given a user-selected ¢ and desired ratio £yp(A)/Kiow(4).
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Algorithm: Extended Lanczos bidiagonalization method with lower and probabilistic upper bounds

Input: Nonsingular matrix A, random starting vector vo, probability level ¢, extended Krylov di-
mension 2k + 1 (we build a basis for KA1 (AT A, vo)).

Output: A guaranteed lower bound kiow(A) and a probabilistic upper bound rup(A) for the condi-
tion number x(A). The probability that k(A) < kup(A) holds is at least 1 — 2e.

1:  Determine ¢ from n and ¢, see (4.2)

2: forj=0,....,k—1

3 u=Av_;

L a =l

5: uj=u/a_;

6: v = ATy,

7 ifj>0

8 B_j=v]v

9: v=v-—[pB_;vj
10: end
11: V=V-—Qa_jv_j
120 B =l
13: Viti=v/B;
14: w=A""Tv;1
15: ajpr = [lw[
16: u,(j+1) = 041 W
17: Z = Ailll_(j_'_l)
18: 0_j=v_;z
19: zZ=2—0_;V_j— a;ﬁlv]-_,_l
20: dj+1 = ||zl
21: V(1) = 2/ 0+
22: end

23:  Determine the largest singular values 61 of Tox_1 and & of Hay
24:  Compute guaranteed lower bound Kiow(A) = 61&1 for x(A) (2.3)
25:  Determine probabilistic upper bound O'E;"b for o1 with probability > 1 — € using f{ (4.3)
26:  Determine probabilistic lower bound o?*°" for ¢,, with probability > 1 — & using f5 (4.4)

low

27:  Compute probabilistic upper bound kup(A) = oB5°° / Jf’mb for k(A) (4.5)

Oow

Table 5.1: The approximations of the condition number of different matrices using a stan-
dard Lanczos bidiagonalization method, and using extended Lanczos bidiagonalization. Both
methods give a guaranteed lower bound for the condition number of the matrix. Extended
Lanczos bidiagonalization also gives a probabilistic upper bound for the condition number
that holds with probability at least 98% (¢ = 0.01). We also give the ratios k(A)/Kiow(A4) and

Kup(A) /Flow(A).

Lan. BD Ext. Lan. BD Ratios
Matrix A k(A) Guar. Lb. Klow (A) Kup(A) | K(A)Kiow(A)  Kup(A)/Kiow(A)
af23560 1.98-10* | 1.80-10' | 1.81-10* 2.05-10* 1.10 1.13
diag(1:10000) 1.00-10* | 1.37-10' | 9.72-10% 1.23-10% 1.03 1.27
dw2048 2.09-10% | 1.31-10' | 1.99-10% 2.52-.10° 1.05 1.26
dw8192 3.81-10° | 4.64-10' | 3.78-10° 4.32-10° 1.01 1.14
grcar10000 3.63-10° | 3.59.10° | 3.57-10° 4.75-10° 1.02 1.33
memplus 1.29-10° | 7.62-10" | 1.28-10° 1.42-10° 1.01 1.11
01m5000 3.71-107 | 1.49-10' | 3.67-107 4.55-107 1.01 1.24
shermanb 1.88-10° | 6.02-10' | 1.88-10° 1.88-10° 1.00 1.00
0152000 6.00-10% | 1.50-10' | 5.81-10° 6.97-10° 1.03 1.20
t01s4000 2.36-107 | 1.60-10' | 2.31-107 2.75-107 1.02 1.19
utm5940 4.35-10% | 1.60-10' | 4.07-10® 5.04-10° 1.07 1.24
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